Recently, Piri et al. [H. Piri, P. Kumam, Fixed Point Theory Appl., 2014, 11 pages] refined the result of Wardowski [D. Wardowski, Fixed Point Theory Appl., 2012, 6 pages] by launching some weaker conditions on the self-map regarding a complete metric space and over the mapping F. In the article, we inaugurate Boyd-Wong type generalized F-ψ-contraction and prove some new fixed point results in partial metric spaces, also we deduce fixed point results involving cyclic BoydWong type generalized F-ψ-contraction in the same setup. These results substantially generalize and improve the corresponding theorems contained in
Introduction and preliminaries
The notion of partial metric space, departs from the usual metric spaces due to removing the assumption of self-distance. In other words, in partial metric space self-distance needs not to be zero. This interesting distance function is introduced by Matthews [9] . A motivation behind introducing the concept of a partial metric space was to present an altered version of a Banach contraction principle, more convenient to solve certain problems arising in computer science. Valero [20] , Oltra and Valero [12] and Altun et al. [3] gave some further generalization of the results in [9] . Romaguera introduced in [15] the notion of a 0-Cauchy sequence in a partial metric space and of a 0-complete partial metric space.
In recent times, Romaguera [16] obtained the fixed point theorems of Boyd-Wong type due to Boyd et al. [5] . Further, Abbas et al. [1] extended the result of Romaguera [16] to cyclic mappings and proved the result, taking φ ∈ Φ as a continuous map. Most recently, Aydi et al. [4] presented the result of Abbas et al. [1] for a shaky assumptions over φ ∈ Φ. Ones can find new results on the fixed point theory and application in partial metric spaces in [2, 6, 11] .
Recently, Wardowski [21] introduced a new contraction called F-contraction and proved a fixed point theorem as a generalization of the Banach contraction principle. Secelean [17] characterized a large class of functions by renewal the condition (F2 ) instead of the condition (F2) in the definition of F-contraction presented by Wardowski [21] . Very recently, Piri et al. [14] improved the result of Secelean [17] by replacing condition (F3 ) instead of the condition (F3). Moreover, Hussain [7] extended Wardowski fixed point results for F-contractions in complete metric spaces.
In the sequel, R, N and N * will represent the set of all real numbers, natural numbers and positive integers, respectively. Some elementary definitions and fundamental results of partial metric space and F-contraction are borrowed, which are essential in our subsequent discussion.
Definition 1.1 ([9]
). A partial metric on a nonempty set X is a function p : X × X → [0, ∞) such that for all x, y, z ∈ X (p1) x = y, iff p(x, x) = p(x, y) = p(y, y); The function p is called a partial metric on X and the pair (X, p) is called a partial metric space.
Supposing that p is a partial metric on X, at that time the function d p : X × X → [0, ∞) given by d p (x, y) = 2p(x, y) − p(x, x) − p(y, y),
is a metric on X. Example 1.2 (see, e.g., [9] ). Let
Each partial metric p on X generates a T 0 topology τ p on X, that carries as a base the class of open p-balls {B p (x, ), x ∈ X, > 0}, where B p (x, ) = {y ∈ X : p(x, y) < p(x, x) + } for all x ∈ X and > 0. ([9, 12, 15] ). Let (X, p) be a partial metric space. Then (i) a sequence {x n } converges to a point x ∈ X, if and only if p(x, x) = lim n→+∞ p(x, x n );
(ii) a sequence {x n } is called a Cauchy sequence, if lim n,m→+∞ p(x n , x m ) exists and is finite; (iii) (X, p) is said to be complete, if every Cauchy sequence {x n } in X converges to some x ∈ X (with respect to τ p ) such that p(x, x) = lim n,m→+∞
is said to be 0-complete whenever every 0-Cauchy sequence in X converges with respect to τ p to a point x ∈ X such that p(x, x) = 0. 
3. Every 0-Cauchy sequence in (X, p) is Cauchy in (X, d).
4.
If (X, p) is complete then it is 0-complete.
Lemma 1.5 ([9]
). Let (X, p) be a partial metric space. Then
Let Φ be the set of functions φ :
2. φ(t) < t, for each t > 0.
Let Ψ denote the set of all decreasing functions ψ : (0, ∞) → (0, ∞). Recently, Romaguera [16] developed the following fixed point theorem of Boyd-Wong type [5] . Theorem 1.7. Let (X, p) be a complete partial metric space along with T : X → X being a map such that for all x, y ∈ X p(T x, T y) φ(M(x, y)),
and φ ∈ Φ. Then, T has a unique fixed point.
Following definition is due to Wardowski [21] . (F3) there exists k ∈ (0, 1) such that lim
We denote the set of all functions satisfying (F1)-(F3) by . In [21] , Wardowski defined F-contraction as follows:
Let (X, ρ) be a metric space, then the mapping T : X → X is said to be an F-contraction, if there exist F ∈ and τ > 0 such that for all x, y ∈ X, ρ(T x, T y) > 0, we have τ + F(ρ(T x, T y)) F(ρ(x, y)).
(1.3)
On the other hand, Secelean [17] reintegrated the condition (F2) by more elementary condition (F2 ).
or, also by (F2 ) there exists a sequence {α n } ∞ n=1 of positive real numbers such that lim n→∞ F(α n ) = −∞.
Most recently, Piri et al. [14] used the following condition (F3 ) instead of (F3).
(F3 ) F is continuous on (0, ∞).
We denote the set of all functions satisfying (F1), (F2 ) and (F3 ) by ∆ F . Our work is devoted to introduce the Boyd-Wong type generalized F-ψ-contraction, by integrating the ideas of Wardowski [21] and Romaguera [16] . Moreover, the Boyd-Wong type cyclic generalized F-ψ-contraction by combining the essence of Wardowski [21] and Aydi et al. [4] is also established. Invoking aforesaid developments some new fixed point theorems in complete partial metric space are proved.
Main results

Results on Boyd-Wong type generalized F-ψ-contractions in partial metric space
In this section we present our essential results. For this, we introduce the following definition. Definition 2.1. Let (X, p) be a partial metric space and T : X → X be a mapping. Then T is said to be a Boyd-Wong type generalized F-ψ-contraction, if there exist F ∈ ∆ F , ψ ∈ Ψ and φ ∈ Φ such that for all x, y ∈ X with p(T x, T y) > 0,
where
One of our main results is as follows.
Theorem 2.2. Let (X, p) be a 0-complete partial metric space and T : X → X be a Boyd-Wong type generalized F-ψ-contraction on X. Then T has a unique fixed point u ∈ X, moreover p(u, u) = 0.
Proof. For an arbitrary x ∈ X, we construct a sequence {x n } in the following way:
x = x 0 and x n+1 = T x n , for all n ∈ N * .
If there exists n 0 ∈ N * such that x n 0 = x n 0 +1 , then x n 0 is the desired fixed point of T which completes the proof. Consequently, we assume that x n = x n+1 or p(T x n−1 , T x n ) > 0 for all n ∈ N * ; then it follows from (2.1) that
If for some n ∈ N * , M(x n−1 , x n ) = p(x n , x n+1 ), then taking (2.3) into account, we obtain that
On using the property of φ and from (F1), we acquire that
Since, ψ(p(x n−1 , x n )) > 0, which gives a contradiction, yielding thereby
Therefore from (2.3) and by the property of F, φ and ψ, we arrive at
It follows from the above inequality and the property (F1) that
Thus {p(x n , x n+1 )} is a decreasing sequence of positive real numbers. Consequently from (2.4), we have
As ψ is a decreasing function, we get
It follows by successive application that
Since, F ∈ ∆ F , letting the limit as n → ∞ in (2.5) we must have
Further, by (p2) we have the following equality
Next, we shall show that {x n } ∞ n=1 is a Cauchy sequence in X. Suppose, to the contrary, that {x n } ∞ n=1 is not a Cauchy sequence in a complete partial metric space (X, p). Then there exist > 0 and two sub-sequences
Utilizing the property (p4) and inequality (2.8), we acquire that
Moreover, from (p4), (2.6), (2.7) and (2.9), one can easily get
and lim
Also from (2.7) there exists a natural number n 0 ∈ N such that
for all n, m n 0 . Now we claim that
On the contrary assume that, p(
which yields a contradiction, thus (2.11) holds. Then it follows by the contractive condition (1.1) and the property of ψ that
By the definition of M(x, y), (2.9), (2.10) and after routine calculations, we have
Letting k → ∞ in (2.12) and taking into account (2.6), (2.9), (2.10), (2.13), property (F3 ) and upper semicontinuity of φ, we find that F( ) F(φ( )) < F( ), which gives a contradiction. Thus, we conclude that lim n,m→∞ p(x n , x m ) = 0, that is, the sequence {x n } ∞ n=1 is a 0-Cauchy sequence. Therefore, the 0-completeness of X ensures that there exists a point u ∈ X such that lim n,m→∞
(2.14)
We will prove that u is the fixed point of T . Since T is continuous, therefore by using (2.14) and Lemma 1.6, we have
Next, we show that p(T u, T u) = 0. On the contrary assume that p(T u, T u) > 0, therefore from the inequality (2.1), we get
It follows from the above inequality that
Again, if p(u, u) > 0, then by repeating the same process as mentioned above, one can easily obtain
Therefore, the above inequality turns into the following
a contradiction. Hence we conclude that p(u, v) = 0, that is, u = v. Thus the fixed point of T is unique.
Here, we present an example which illustrates the usefulness of Theorem 2.2.
otherwise.
Without loss of generality, let us assume that x y. It is obvious that (X, p) is a 0-complete partial metric space. Let T : X → X given by T x = x+0.01
10 , then T is continuous. Let F(α) = log α, for all α ∈ R + . Define, ψ : (0, ∞) → (0, ∞) by ψ(t) = In Figure 2 red curve represents RHS and green curve represents LHS of above example. Clearly red curve dominates green curve, which validates our inequality. Furthermore the values at some points are highlighted therein. The following corollaries are immediate consequences of Theorem 2.2.
Corollary 2.4. Let (X, p) be a 0-complete partial metric space and T : X → X be a self-map on X. Suppose that there exist F ∈ ∆ F , ψ ∈ Ψ and φ ∈ Φ such that for all x, y ∈ X with p(T x, T y) > 0, ψ(p(x, y)) + F(p(T x, T y)) F φ(max{p(x, y), p(x, T x), p(y, T y)}) .
Then T has a unique fixed point u ∈ X, moreover p(u, u) = 0. Corollary 2.5. Let (X, p) be a 0-complete partial metric space. Let T : X → X be a self-mapping on X. Suppose that there exist F ∈ ∆ F , ψ ∈ Ψ and φ ∈ Φ such that for all x, y ∈ X with p(T x, T y) > 0,
Then T has a unique fixed point u ∈ X, moreover p(u, u) = 0. Corollary 2.6. Let (X, p) be a 0-complete partial metric space and T : X → X be an upper semi-continuous Boyd-Wong type generalized F-ψ-contraction on X. Then T has a unique fixed point u ∈ X, moreover p(u, u) = 0.
Remark 2.7. Taking ψ(t) = τ > 0 and φ(t) = t in Theorem 2.2, we obtain the Corollary 13 of Shukla et al. [19] respectively. Remark 2.8. If we take the function ψ(t) = τ > 0 and φ(t) = t in Corollary 2.5, then we find a F-contraction construction of the Banach fixed point theorem, obtained by Matthews [9] in the context of partial metric space.
Remark 2.9. Notice that by taking, ψ(t) = τ > 0 and φ(t) = t in Corollary 2.5, the result in Wardowski [21] can be also generalized for a 0-complete partial metric space. That is, we give a proper extension of the result in [21] in different aspect, more precisely, in the frame of 0-complete partial metric spaces.
Results on cyclic Boyd-Wong type generalized F-ψ-contractions in partial metric space
The succeeding definition and theorem will be needed to prove our next result.
Definition 2.10 ([8])
. Let X be a nonempty set, m a positive integer, and T : X → X a mapping. X = m i=1 A i is said to be a cyclic representation of X with respect to T , if Then, T has a unique fixed point z ∈ m i=1 A i .
Utilizing the concept of Wardowski [21] and Aydi et al. [4] , we introduce the following definition. 
Consider the Picard iteration {x n } be given by T x n = x n+1 for n ∈ N * . If there exists n 0 ∈ N * such that x n 0 = x n 0 +1 , then x n 0 is the required fixed point of T and the proof is completed.
Consequently, suppose that x n = x n+1 or p(T x n−1 , T x n ) > 0 for all n ∈ N * . Also keep in mind that Y = m i=1 A i , thus for each n ∈ N * , there exists i n ∈ {1, 2, · · · , m} such that x ∈ A i and x n+1 = T x n ∈ T (A i n ) ⊆ A i n +1 . It follows from inequality (2.1) that
On the similar lines of done in Theorem 2.2, one can easily show that
Now, we claim that {x n } ∞ n=1 is a Cauchy sequence in the partial metric space (Y = m i=1 A i , p). On the contrary assume that {x n } ∞ n=1 is not a Cauchy sequence in (Y, p). Then there exists > 0 for which we can find two sub-sequences {x n(k) } and {x m(k) } of {x n } ∞ n=1 such that, n(k) is the smallest index for which n(k) > m(k) k and
Again, in a similar way as in the proof of Theorem 2.2, one can show that
On the other hand, for all k we can find j(k), where 0 j(k) p such that n(k) − m(k) + j(k) ≡ 1(p), which yields x m(k)−j(k) (for k large enough, m(k) > j(k)) and x n(k) lies in the different adjacently labeled sets A i and A i+1 for certain i = 1, 2, · · · , p.
From inequalities (2.15) and (2.16) we have
As p(T x n(k) , T x m(k)−j(k) ) > 0, by the contractive condition (1.1) we acquire
It follows from the property of ψ, that
By the definition of M(x, y) and taking into account (2.17), we find that
Letting k → ∞ in (2.18) and using (2.17), (2.19), property (F3 ) together with the upper semi-continuity of φ, we get F( ) F(φ( )) < F( ) a contradiction. Thus {x n } ∞ n=1 is a Cauchy sequence in the partial metric space (Y, p). By Lemma 1.4 {x n } ∞ n=1 is a Cauchy sequence in the complete metric space
It is clear that the sequence {x n } n∈N has an infinite number of terms in each
Clearly, A is closed in (Y, d p ) and it is a complete subspace of (Y, d p ) and it follows that (A, p) is a complete partial metric space. Consider the restriction of T on A, i.e., T /A : A → A. Then T /A satisfies all the conditions of Theorem 2.2. Hence, T /A has a unique fixed point.
Following example authenticates the effectiveness of the hypotheses and degree of generality of Theorem 2.13. Hence, all the hypotheses of Theorem 2.13 are satisfied and x = 0.00210526316 is the unique fixed point of T in X.
In Figure 3 red curve represents T and blue line represents T x = x. It is clearly shown that there is unique fixed point of T . In Figure 4 red curve represents RHS and green curve represents LHS of above example. Clearly red curve dominates green curve, which validates our inequality. Furthermore the values at some points are highlighted therein. Remark 2.15. As every partial metric space is a metric space with zero self-distance. Thus if we replace partial metric p by a metric d in Theorem 2.2 and Theorem 2.13, then we get the fixed point theorems for Boyd-Wong type generalized F-ψ-contraction and cyclic Boyd-Wong type generalized F-ψ-contraction in complete metric space, respectively. Also our theorems generalize and extend the following theorems in the following aspects.
(i) Taking ψ(t) = τ > 0 and φ(t) = t in Theorem 2.2, then the result in Theorem 2.2 is a natural generalization of Ciric type Generalized F-contractions due to G. Minak et al. [10] and F-weak contractions due to Wardowski et al. [22] .
On the other hand, we see that G. Minak et al. [10] claimed the definition as Ciric type generalized F-contraction while Wardowski et al. [22] claimed F-weak contraction in their note.
(ii) Taking ψ(t) = τ > 0 and φ(t) = t in Theorem 2.13, we generalize the result of Kirk et al. [8] . Remark 2.16. By introducing F-contraction, Wardowski [21] stated the modified version of Bananch contraction principle. In [21] , Wardowski proved that the Bananch contractions are particular case of Fcontractions. Meanwhile, the author presented some F-contractions which are not Banach contractions.
In view of aforesaid, we obtained generalized, extended new version of main results of Romaguera [16] and Aydi et al. [4] by launching Theorem 2.2 and Theorem 2.13 in 0-complete partial metric spaces for F-contraction, respectively.
Remark 2.17. Notice that we get the same result, if we replace 0-complete partial metric space with complete partial metric space in Theorem 2.2 and Theroem 2.13.
Some applications
Application to a dynamical programming
Basically a dynamical process consists of:
(i) a state space, which is the set of the initial state, actions, and transition of the process;
(ii) a decision space, which is the set of possible actions that are allowed for the process.
The dynamic processing gives fruitful tools for mathematical optimization and computer programming. In aforesaid system, the problem of dynamic programming associated to multistage process reduces to the problem of solving the functional equation
We suppose that W ⊆ U is a state space, D ⊆ V is a decision space, U and V are Banach spaces. Let B(W) denote the set of all bounded real valued functions on W and for an arbitrary h ∈ B(W), define ||h|| = sup x∈W |h(x)|. Clearly, the pair (B(W), || . ||) with the metric d defined by
for all h, k ∈ B(W) is a Banach space. Precisely, the convergence in the space B(W) with respect to || . || is uniform and thus, if we consider a Cauchy sequence {h n } in B(W), then {h n } converges uniformly to a function, say h * , that is bounded and so h * ∈ B(W). Now for all h, k ∈ B(W), x ∈ W and b > 0, we consider the partial metric p defined by
and we also define T :
for all h ∈ B(W) and x ∈ W. Obviously, T is well-defined, if the functions f and G are bounded. The subsequent result is followed:
Theorem 3.1. Let T be an upper semi-continuous operator defined by (3.2) and suppose that the following conditions hold: 
for all h, k ∈ B(W), x ∈ W and y ∈ D.
Then the functional equation (3.1) has a bounded solution.
Proof. Let λ be an arbitrary positive number, x ∈ W and h 1 , h 2 ∈ B(W), then there exist
T (h 2 )(x) < f(x, y 2 ) + G(x, y 2 , h 2 (ρ(x, y 2 ))) − b + λ, T (h 1 )(x) f(x, y 2 ) + G(x, y 1 , h 1 (ρ(x, y 1 ))),
T (h 2 )(x) f(x, y 1 ) + G(x, y 2 , h 2 (ρ(x, y 2 ))), which yields T (h 1 )(x) − T (h 2 )(x) < G(x, y 1 , h 1 (ρ(x, y 1 ))) − G(x, y 2 , h 2 (ρ(x, y 2 ))) − b + λ |G(x, y 1 , h 1 (ρ(x, y 1 ))) − G(x, y 2 , h 2 (ρ(x, y 2 )))| − b + λ e −ψ(|h 1 −h 2 |+b) φ(M(h 1 , h 2 )) − b + λ.
In a same manner, we arrive at T (h 2 )(x) − T (h 1 )(x) e −ψ(|h 1 −h 2 |+b) φ(M(h 1 , h 2 )) − b + λ.
Therefore |T (h 1 )(x) − T (h 2 )(x)| e −ψ(|h 1 −h 2 |+b) φ(M(h 1 , h 2 )) − b + λ, p(T (h 1 ), T (h 2 )) e −ψ(p(h 1 ,h 2 )) φ(M(h 1 , h 2 )) + λ.
Since the above inequality does not depend on x ∈ W and λ > 0 is taken arbitrary, then we conclude that p(T (h 1 ), T (h 2 )) e −ψ(p(h 1 ,h 2 )) φ(M(h 1 , h 2 )),
for each x ∈ W. Consequently, by passing to logarithms, one can get ψ(p(h 1 , h 2 )) + log(p(T (h 1 ), T (h 2 ))) log φ((M(h 1 , h 2 ))).
This turns up to ψ(p(h 1 , h 2 )) + F(p(T (h 1 ), T (h 2 ))) F(φ(M(h 1 , h 2 ))),
for F(t) = log t, t > 0. Thus we conclude that T is an F-contraction. Due to Corollary 2.6, T has a fixed point h * ∈ B(W), that is h * is a bounded solution of the functional equation (3.1).
Remark 3.2. We also suggest some change of notation given by Sgroi et al. [18] . Notice that, in the context of equation (9), authors used the notation τ, where τ : W × D → W and in Theorem 5.1, they used the same notation τ, where τ ∈ R + which is puzzling, so one need to replace notation τ in (9) , to avoid any confusion among researchers.
Application to an integral inequality
Let Λ denote the set of functions µ : [0, ∞) → [0, ∞) satisfying the following hypotheses:
(i) µ is a Lebesgue integrable mapping on each compact of [0, ∞);
(ii) for every > 0, we have 0 µ(t)dt > 0. where µ, µ 1 , µ 2 ∈ Λ. Then T has a unique fixed point.
Conclusions
In our finding, recognizing the concept of F-contraction due to Wardowski [21] and Piri and Kumam [14] , some unique fixed point theorems for Boyd-Wong and cyclic Boyd-Wong type generalized F-ψ-contractions in 0-complete partial metric space are established. The applications and illustrative examples show the high degree of reliability to other authors to generalize and improve these results for future research.
